We study the processes e + e − → γISRJ/ψ where J/ψ → π
We study the processes e + e − → γISRJ/ψ where J/ψ → π + π − π 0 , J/ψ → K + K − π 0 , and J/ψ → K 0 S K ± π ∓ using a data sample of 519 fb −1 recorded with the BABAR detector operating at the SLAC PEP-II asymmetric-energy e + e − collider at center-of-mass energies at and near the Υ (nS) (n = 2, 3, 4) resonances. We measure the ratio of branching fractions R1 = B(J/ψ → K
B(J/ψ → π + π − π 0 ) . We perform Dalitz-plot analyses of the three J/ψ decay modes and measure fractions for resonances contributing to the decays. We also analyze the J/ψ → π + π − π 0 decay using the Veneziano model. We observe structures compatible with the presence of ρ (1450) in all the three J/ψ decay modes and measure the relative branching fraction: R(ρ(1450)) = B(ρ(1450) → K
B(ρ(1450) → π + π − ) = 0.307 ± 0.084(stat) ± 0.082(sys). 
I. INTRODUCTION
Charmonium decays, in particular radiative and hadronic decays of the J/ψ meson, have been studied extensively [1, 2] . One of the motivations for these studies is to search for non-qq mesons such as glueballs or molecular states that are predicted by QCD to populate the low mass region of the hadron mass spectrum [3] .
Previous studies of J/ψ decays to π + π − π 0 show a clear signal of ρ(770) production [4, 5] . In addition there is indication of higher mass resonance production in ψ(2S) decays [5] . This is not necessarily the case in J/ψ decays, but neither does the ρ(770) contribution saturate the spectrum. Attempts have been made to describe the J/ψ decay distribution with additional partial waves [6] . It was found that interference effects are strong and even after adding ππ interactions up to ≈ 1.6 GeV/c 2 the description remained quite poor. Continuing to expand the partial wave basis to cover an even higher mass region would lead to a rather unconstrained analysis. On the other hand with the amplitudes developed in the Veneziano model, all partial waves are related to the same Regge trajectory, which gives a very strong constraint on the amplitude analysis [7] .
While large samples of J/ψ decays exist, some branching fractions remain poorly measured. In particular the J/ψ → K + K − π 0 branching fraction has been measured by MarkII [8] using only 25 events.
Only a preliminary result exists, to date, on a Dalitzplot analysis of J/ψ decays to π + π − π 0 [9] . The BES III experiment [10] has performed an angular analysis of J/ψ → K + K − π 0 . The analysis requires the presence of a broad J P C = 1 −− state in the K + K − threshold region, which is interpreted as a multiquark state. However Refs. [11, 12] explain it by the interference between the ρ(1450) and ρ(1700). On the other hand, the decay ρ(1450) → K + K − appears as "not seen" according to the PDG listing [13] . No Dalitz-plot analysis has been performed to date on the J/ψ → K 0 S K ± π ∓ decay. We describe herein a study of the J/ψ → π + π − π 0 , J/ψ → K + K − π 0 , and J/ψ → K , where only resonances with J P C = 1 −− can be produced. This article is organized as follows. In Sec. II, a brief description of the BABAR detector is given. Section III is devoted to the event reconstruction and data selection. In Sec. IV, we describe the study of efficiency and resolution, while Sec. V is devoted to the measurement of the J/ψ branching fractions. Section VI describes the Dalitz-plot analyses while in Sec. VII, we report the measurement of the ρ(1450) branching fraction. Finally we summarize the results in Sec. VIII.
II. THE BABAR DETECTOR AND DATASET
The results presented here are based on data collected with the BABAR detector at the PEP-II asymmetricenergy e + e − collider located at SLAC. The data sample corresponds to an integrated luminosity of 519 fb −1 [14] recorded at center-of-mass energies at and near the Υ (nS) (n = 2, 3, 4) resonances. The BABAR detector is described in detail elsewhere [15] . Charged particles are detected, and their momenta are measured, by means of a five-layer, double-sided microstrip detector, and a 40-layer drift chamber, both operating in the 1.5 T magnetic field of a superconducting solenoid. Photons are measured and electrons are identified in a CsI(Tl) crystal electromagnetic calorimeter (EMC). Charged-particle identification is provided by the specific energy loss in the tracking devices, and by an internally reflecting ringimaging Cherenkov detector. Muons are detected in the instrumented flux return of the magnet. Monte Carlo (MC) simulated events [16] , with sample sizes more than 10 times larger than the corresponding data samples, are used to evaluate signal efficiency and to determine background features.
III. EVENT RECONSTRUCTION AND DATA SELECTION
We study the following reactions
where γ ISR indicates the ISR photon. For reactions (1) and (2), we consider only events for which the number of well-measured charged-particle tracks with transverse momenta greater than 0.1 GeV/c is exactly equal to two. The charged-particle tracks are fitted to a common vertex with the requirements that they originate from the interaction region and that the χ 2 probability of the vertex fit be greater than 0.1%. We observe prominent J/ψ signals in both reactions and optimize the signal-to-background ratio using the data by retaining only selection criteria that do not remove significant J/ψ signal. We require the energy of the less-energetic photon from π 0 decays to be greater than 100 MeV. Each pair of photons is kinematically fitted to a π 0 requiring it to emanate from the primary vertex of the event, and with the diphoton mass constrained to the nominal π 0 mass [13] . Due to the soft-photon background, we do not impose a veto on the presence of additional photons in the final state but we require exactly one π 0 candidate in each event. Particle identification is used in two different ways. For reaction (1), we require two oppositely charged particles to be loosely identified as pions. For reaction (2), we loosely identify one kaon and require that neither track be a well-identified pion, electron, or muon. For reaction (3), we consider only events for which the number of well-measured charged-particle tracks with transverse momentum greater than 0.1 GeV/c is exactly equal to four, and for which there are no more than five photon candidates with reconstructed energy in the EMC greater than 100 MeV. We obtain K 0 S →π + π − candidates by means of a vertex fit of pairs of oppositely charged tracks, for which we require a χ 2 fit probability greater than 0.1%. Each K 0 S candidate is then combined with two oppositely charged tracks, and fitted to a common vertex, with the requirements that the fitted vertex be within the e + e − interaction region and have a χ 2 fit probability greater than 0.1%. We select kaons and pions by applying high-efficiency particle identification criteria. We do 
In each figure the data are shown as points with error bars, and the MC simulation is shown as a histogram.
not apply any particle identification requirements to the pions from the K 0 S decay. We accept only K 
∓ mass spectra in the ISR region. In each figure, the solid curve shows the total fit function and the dashed curve shows the fitted background contribution. m and width σ gives m = 497.24 MeV/c 2 and σ = 2.9 MeV/c 2 . We select the K 0 S signal region to be within ±2σ of m and reconstruct the K 0 S 4-vector by summing the three-momenta of the pions and computing the energy using the known K 0 S mass [13] . The ISR photon is preferentially emitted at small angles with respect to the beam axis (see Fig. 1 ), and escapes detection in the majority of ISR events. Consequently, the ISR photon is treated as a missing particle.
We define the squared mass M 2 rec recoiling against the
∓ systems using the four-momenta of the beam particles (p e ± ) and of the reconstructed final state particles:
where the h i indicate the three hadrons in the final states. This quantity should peak near zero for both ISR events and for exclusive production of e + e − → h 1 h 2 h 3 . However, in the exclusive production the h 1 h 2 h 3 mass distribution peaks at the kinematic limit. We select the ISR reactions (in the following also defined as ISR regions) requiring
for reaction (1) and (2) and
for reaction (3) . We reconstruct the three-momentum of the ISR photon from momentum conservation as
Table I gives the ranges used to define the ISR signal regions for the three J/ψ decay modes. We show in Fig. 1 , for events in the J/ψ → π + π − π 0 ISR signal region, the distribution of θ ISR , the angle of the reconstructed ISR photon with respect to the e − beam direction in the laboratory system. We observe a narrow peak close to zero with a tail extending up to 140 0 while background events from J/ψ sidebands are distributed over the full angular range. Since angular coverage of the EMC starts at θ > 23 0 , we improve the signal to background ratio for J/ψ events where θ ISR > 23 0 , by removing events for which no photon shower is found in the EMC in the expected angular region. Therefore, we require the difference between the predicted polar and azimuthal angles from p ISR and the closest photon shower to be |∆θ| < 0.1 rad and |∆φ| < 0.05 rad. We do not use the information on the energy since some photons may not be fully contained in the EMC.
For reaction (1) we define the helicity angle θ h as the angle in the π + π − rest frame between the direction of the π + and the boost from the π + π − . We observe that residual background from e + e − → γπ + π − is concentrated at | cos θ π | ≈ 1 and therefore we remove events having | cos θ π | > 0.95. A very small J/ψ signal is observed in the events removed by this selection. No evidence is found for background from the ISR reaction Figure 2 shows the M 2 rec distributions for the three reactions in the J/ψ signal regions, in comparison to the corresponding M 2 rec distributions obtained from simulation. A peak at zero is observed in all distributions indicating the presence of the ISR process. We observe some discrepancy for reactions (1) and (2) due to some inaccuracy in reconstructing slow π 0 in the EMC. Figure 3 shows the
∓ mass spectra in the ISR region, before applying the efficiency correction. We observe strong J/ψ signals over relatively small backgrounds and no more than one candidate per event. We perform a fit to the Table II summarizes the mass values and yields. We observe (not taking into account systematic uncertainties) a J/ψ mass shift of +2.9, +4.1, and -2.2 MeV/c 2 for the three decay modes.
IV. EFFICIENCY AND RESOLUTION
To compute the efficiency, J/ψ MC signal events for the three channels are generated using a detailed detector simulation [16] in which the J/ψ decays uniformly in phase space. These simulated events are reconstructed and analyzed in the same manner as data. The efficiency is computed as the ratio of reconstructed to generated events. We express the efficiency as a function of the m 12 mass (π
and cos θ h defined in Sec. III. To smooth statistical fluctuations, this efficiency is then parameterized as follows [18] .
First we fit the efficiency as a function of cos θ h in separate intervals of m 12 , in terms of Legendre polynomials up to L = 12:
For each value of L, we fit the mass dependent coefficients a L (m 12 ) with a seventh-order polynomial in m 12 . Figure 4 shows the resulting fitted efficiency ǫ(m 12 , cos θ h ) for each of the three reactions. We observe a significant decrease in efficiency at low m 12 for cos θ ∼ ±1 and 1.1 < m(K + K − ) < 1.5 GeV/c 2 due to the difficulty of reconstructing low-momentum tracks (p < 200 MeV/c in the laboratory frame), which arise because of significant energy losses in the beampipe and inner-detector material.
The mass resolution, ∆m, is measured as the difference between the generated and reconstructed π 
Each bin shows the average value of the fit in that region.
-mass values. These distributions, for the J/ψ decays having a π 0 in the final state, deviate from Gaussian shapes due to a low-energy tail caused by the response of the CsI calorimeter to photons. We fit the distributions using the sum of a Crystal Ball function [19] and a Gaussian function. The rootmean-squared values are 24.4 and 22.7 MeV/c 2 for the tively. The mass resolution for J/ψ → K 0 S K ± π ∓ is well described by a single Gaussian having a σ = 9.7 MeV/c 2 .
V. J/ψ BRANCHING RATIOS
We compute the ratio of the branching fractions for
where N π + π − π 0 and N K + K − π 0 represent the fitted yields for J/ψ in the π + π − π 0 and K + K − π 0 mass spectra, while ǫ π + π − π 0 and ǫ K + K − π 0 are the corresponding efficiencies. We estimate ǫ π + π − π 0 and ǫ K + K − π 0 for the J/ψ signals by making use of the 2-D efficiency distributions described in Sec. IV. To remove the dependence of the fit quality on the efficiency functions we make use of the unfitted efficiency distributions. Due to the presence of non-negligible backgrounds in the J/ψ signals, which have different distributions in the Dalitz plot, we perform a sideband subtraction by assigning a weight w = f /ǫ(m 12 , cos θ), where f = 1 for events in the J/ψ signal region and f = −1 for events in the sideband regions. The size of the sum of the two sidebands is taken to be the same as that of the signal region. Therefore we obtain the weighted efficiencies as
where N indicates the number of events in the signal+sidebands regions. The resulting yields and efficiencies are reported in Table II . We note that in Eq. (9) the number of charged-particle tracks and γ's is the same in the numerator and in the denominator of the ratio, so that several systematic uncertainties cancel. We estimate the systematic uncertainties as follows. We modify the signal fitting function, describing the J/ψ signals using the sum of two Gaussian functions. The uncertainty due to efficiency weighting is evaluated by computing 1000 new weights obtained by randomly modifying the weight in each cell of the ǫ(m 12 , cos θ) plane according to its statistical uncertainty. The widths of the resulting Gaussian distributions yield the estimate of the systematic uncertainty for the efficiency weighting procedure. These values are reported as the uncertainties on 1/ǫ in Table II . We assign a 1% systematic uncertainty for the identification of each of the two kaons, from studies performed using high statistics control samples. The contributions to the systematic uncertainties from different sources are given in Table III and combined in quadrature. We obtain:
=0.120 ± 0.003(stat) ± 0.009(sys).
The PDG reports B(J/ψ → π + π − π 0 ) = (2.11 ± 0.07) × 10 −2 , while the branching fraction B(J/ψ →K + K − π 0 ) has been measured by Mark II [8] using 25 events, to be (2.8 ± 0.8) × 10 −3 . These values give a ratio R P DG 1 = 0.133 ± 0.038, in agreement with our measurement.
We perform a test of the R 1 measurement using a minimum bias procedure. We remove all the selections used to separate reactions (1) and (2), except for the requirements on M 2 rec and obtain the events yield for
yield, we apply a very loose identifications of the two kaons to remove the large background and the strong cross-feed from the J/ψ → π + π − π 0 final state. We observe a loss of the J/ψ signal which is estimated by MC to be 3.6%. The ratios between the two minimum bias yields, corrected for the above efficiency loss gives directly the ratio of the two branching fractions which is in good agreement with the previous estimate.
Using a similar procedure as for the measurement of R 1 , correcting for unseen K 0 S decay modes, we compute the ratio of the branching fractions for
Systematic uncertainties on the evaluation of R 2 include 0.46% per track for charged tracks reconstruction, 3% and 1.1% for π 0 and K 0 S reconstruction, 0.5% and 1% for the identification of pions and kaons, respectively. The contributions to the total systematic uncertainty are summarized in Table III . The branching fraction B(J/ψ →K 0 S K ± π ∓ ) has been measured by Mark I [17] , using 126 events, to be (26 ± 7) × 10 −4 . Using the above measurements we obtain an estimate of R 2 :
which deviates by 3.6σ from our measurement. As a cross check, using the above R 1 and R 2 measurements and adding in quadrature statistical and systematic uncertainties, we compute
in agreement with the expected value of 2. 
VI. DALITZ-PLOT ANALYSIS
We perform Dalitz-plot analyses of the
candidates in the J/ψ mass region using unbinned maximum likelihood fits. The likelihood function is written as
where
• N is the number of events in the signal region;
• for the n-th event, m n is the
• for the n-th event, 
• f sig is the mass-dependent fraction of signal obtained from the fits to the
• for the n-th event, ǫ(x
• for the n-th event, the A i (x n , y n ) represent the complex signal-amplitude contributions described below;
• c i is the complex amplitude of the i−th signal component; the c i parameters are allowed to vary during the fit process;
• for the n-th event, the B i (x n , y n ) describe the background probability-density functions assuming that interference between signal and background amplitudes can be ignored;
• k i is the magnitude of the i−th background component; the k i parameters are obtained by fitting the sideband regions;
, cos θ) dxdy and I Bi = B i (x, y)dxdy are normalization integrals; numerical integration is performed on phase-spacegenerated events with J/ψ signal and background generated according to the experimental distributions.
Parity conservation in J/ψ → π + π − π 0 restricts the possible spin-parity of any intermediate two-body resonance to be J P C = 1 −− , 3 −− , .... Amplitudes are parameterized using Zemach's tensors [20, 21] . Except as noted, all fixed resonance parameters are taken from the Particle Data Group averages [13] .
For reaction (1), we label the decay particles as
Indicating with p i the momenta of the particles in the J/ψ center of mass rest frame, for a resonance R jk decaying as R jk → j + k we also define the three-vectors t i as the vector part of
with i, j, k cyclic. We make use of the p i vectors to describe the angular momentum L between R jk and particle i, and the t i vectors to describe the spin of the R jk resonance. Since the J/ψ resonance has spin-1 and needs to be described by a vector, the only way to obtain this result is to perform a cross-product between the p i and t i three-vectors. Indicating with ρ a generic spin-1 resonance, Table IV reports the list of amplitudes used to the describe the J/ψ decays. Due to Bose symmetry, the amplitudes are symmetrized with respect to the ρ charge. The table also reports the expression for the nonresonant contribution (NR) which should also have the J/ψ quantum numbers. For reaction (2), we label the decay particles as
In [22] .
The amplitudes for reaction (3) are similar to those from reaction (2) . In this case we label the decay particles as
The efficiency-corrected fractional contribution f i due to resonant or nonresonant contribution i is defined as follows:
The f i do not necessarily sum to 100% because of interference effects. The uncertainty for each f i is evaluated by propagating the full covariance matrix obtained from the fit. Similarly, the efficiency-corrected interference fractional contribution f ij , for i < j are defined as:
In all the Dalitz analyses described below we validate the fitting algorithms using MC simulations with known input amplitudes and phases. We also start the fitting procedure both on MC and data from random values. In all cases the fits converge towards one single solution.
A. Dalitz-plot analysis of J/ψ → π + π − π 0 .
Isobar model.
We perform a Dalitz-plot analysis of J/ψ → π + π − π 0 in the J/ψ signal region given in Table I . This region contains 20417 events with (91.3 ± 0.2)% purity, defined as S/(S + B) where S and B indicate the number of signal and background events, respectively, as determined from the fit to the π + π − π 0 mass spectrum shown in Fig. 3(a) . Sideband regions are defined as the ranges 2.919-2.980 GeV/c 2 and 3.198-3.258 GeV/c 2 , respectively. Figure 5 shows the Dalitz plot for the J/ψ signal region and Fig. 6 shows the Dalitz plot projections.
We observe that the decay is dominated by ρ(770)π amplitudes which appear as non-uniform bands along the Dalitz plot boundaries.
We first perform separate fits to the J/ψ sidebands with an incoherent sum of amplitudes using the method of the channel likelihood [24] . We find significant contributions from ρ(770) resonances with uniform distributions of events along their bands, as well as from an incoherent uniform background. The resulting amplitude fractions are interpolated into the J/ψ signal region and normalized to the fitted purity. Figure 6 shows the projections of the estimated background contributions as shaded For the description of the J/ψ Dalitz plot, amplitudes are added one at time to ascertain the associated increase of the likelihood value and decrease of the 2-D χ 2 computed on the (m(π + π − ), cos θ h ) plane. We test the quality of the fit by examining a large sample of MC events at the generator level weighted by the likelihood fitting function and by the efficiency. These events are used to compare the fit result to the Dalitz plot and its projections with proper normalization. The latter comparison is shown in Fig. 6 , and good agreement is obtained for all projections. We make use of these weighted events to compute a 2-D χ 2 over the Dalitz plot. For this purpose, we divide the Dalitz plot into a number of cells such that the expected population in each cell is at least five events. We compute We leave free in the fit the ρ(770) parameters and obtain results which are consistent with PDG averages [13] . We also leave free the ρ(1450) and ρ(1700) parameters in the fit and obtain a significant improvement of the Like- 
We also test the presence of the isospin violating decay ω→π + π − . We notice that the ω(782)π 0 contribution has a rather small fraction (0.08 ± 0.03) but its fitted amplitude is (0.013 ± 0.002). To obtain the statistical significance for this contribution, we remove the ω(782)π 0 amplitude. We obtain ∆(−2 log L) = 27.7 and ∆χ 2 = 17 for the difference of two parameters which corresponds to a significance of 4.9σ. We also include the spin-3 ρ 3 (1690)π contribution but it is found consistent with zero.
Table V summarizes the fit results for the amplitude fractions and phases. We note that the ρ(770)π amplitude provides the largest contribution. We also observe an important contribution from the ρ(1450)π amplitude, while the contribution from higher ρ ′ resonances are small. We also notice that the ρ(1700)π amplitude is significant even if the resulting fraction is very small, which can be attributed to the presence of important interference effects.
To illustrate the contributions from higher ρ states, we plot in Fig. 7(a) , a binned scatter diagram of the helicity angle θ π3 vs. π 1 π 2 mass for the three possible combinations. The curved bands on the top and bottom are reflections from the other combinations. Selecting events | cos θ π | < 0.2, almost completely removes these reflections and gives a more clear representation of the ππ mass spectrum, shown in Fig. 7(b) with a logarithmic scale for the sum of the three ππ mass combinations. We also compare the fit projections with the results from a fit where only the ρ(770)π contribution is included. The distribution shows clearly the presence of higher excited ρ resonances contributing to the J/ψ → π + π − π 0 decay. The NR contribution has been included but does not improve the fit quality. The sum of the fractions is significantly different from 100%. Denoting by n (= 8) the number of free parameters in the fit, we obtain χ 2 /ν = 687/519 (ν = N cells − n). We compute the uncorrected Legendre polynomial moments Y 0 L in each π + π − and π ± π 0 mass interval by weighting each event by the relevant Y 0 L (cos θ h ) function. These distributions are shown in Figs. 8 and 9 . We also compute the expected Legendre polynomial moments from the weighted MC events and compare with the experimental distributions. We observe a reasonable agreement for all the distributions, which indicates that the fit is able to reproduce most of the local structures apparent in the Dalitz plot. We also notice a few discrepancies in the high ππ mass region indicating the possible presence of additional unknown excited ρπ contributions not included in the present analysis.
Systematic uncertainty estimates for the fractions and relative phases are computed in different ways.
• i) The purity function is scaled up and down by its statistical uncertainty.
• ii) The parameters of each resonance contributing to the decay are modified within one standard deviation of their uncertainties in the PDG averages.
• iii) The Blatt-Weisskopf [23] factors entering in the relativistic Breit-Wigner function have been fixed to 1.5 (GeV/c) −1 and varied between 1 and 4 (GeV/c) −1 .
• iv) We make use of the efficiency distribution without the smoothing described in Sec. IV.
• v) To estimate possible bias, we generate and fit MC simulated events according to the Dalitz-plot fitted results.
The different contributions are added in quadrature in Table V. 2. Veneziano model.
The particular approach used in this analysis follows recent work described in Ref. [7] . The dynamical assumptions behind the Veneziano model are the resonance dominance of the low-energy spectrum and resonance-Regge duality. The latter means that all resonances are located on Regge trajectories and that Regge poles are the only singularities of partial waves in the complex angular momentum plane. Therefore, there are no "unaccounted for" backgrounds and the Veneziano amplitude is used to fully describe the given reaction. A single Veneziano amplitude of the type
has "predetermined" resonance strengths. Here α is the Regge trajectory, s and t are the Mandelstam variables and n, m are integers. The position of resonances is determined by poles of the amplitude, i.e. resonances in the s(t)-channel are determined by poles of the first (second) Γ function in the numerator, respectively. Resonance couplings are determined by residues of the amplitude at the poles. In the model these are therefore determined by the properties of the Γ function and the form of the Regge trajectory. Which resonances are excited depends, however, on the quantum numbers of external particles. Thus the amplitude in Eq. (23) should be considered as a building block rather then a physical amplitude. The latter is obtained by forming a linear combination of the A n,m 's with parameters that are reaction dependent, i.e. fitted to the data. e.g.
In this analysis a modified set of amplitudes A n,m , which incorporate complex trajectories were used. Unlike the (24) are determined by fitting data, it is possible to compute the coupling constants of resonances to the external particles. Weak resonances may not be apparent in the data. They however are analytically connected to other, stronger resonances and determining the latter helps to constrain the couplings to the former. For example, the ρ 3 meson is expected to lie on the same Regge trajectory as the ρ. Thus coupling of the ρ in J/ψ → ρπ → 3π determines coupling of the J/ψ to the ρ 3 .
In the Veneziano model the complexity of the model is related to n which is related to the number of Regge trajectories included in the fit. The number of free parameters also increases with n. The integer m, in Eq. (23) is related to the number of daughter trajectories and it is restricted by 1 ≤ m ≤ n. The lower limit on m guarantees that J/ψ decay amplitude has the expected high- energy behavior and the upper limit eliminates double poles in overlapping channels. We fit the data varying n from 1 to 8 and test the improvement in the likelihood function and the 2-D χ 2 . We find that no improvement is obtained with n > 7. Taking n = 7 the model requires 19 free parameters. Using a modified expression of Eq. (20) we obtain the fractions given in Table V . We observe a reduction of the ρ(1450)π contribution by more than a factor of ten compared to the results from the isobar model. However the ρ(2150)π amplitude has a much larger contribution. We also observe a better fit quality as compared with the isobar model. The projection of the fit on the ππ mass in the | cos θ π | < 0.2 region, is shown in Fig. 7(c) .
We note that the isobar model gives a better description of the ρ(1450) region, while the Veneziano model describes better the high mass region. This may indicate that other resonances, apart from the low mass ρ resonances, are contributing to the J/ψ decay.
We perform a Dalitz-plot analysis of
in the J/ψ signal region, defined in Table I , which contains 2102 events with (88.8 ± 0.7)% purity, as determined from the fit shown in Fig. 3(b) . Figure 10 shows the Dalitz plot for the J/ψ signal region and Fig. 11 shows the Dalitz plot projections. We observe that the decay is dominated by the K * (892) ± K ∓ amplitude. We also observe a diagonal band which we tentatively attribute to the ρ(1450) 0 π 0 amplitude. As in the previous section, we fit the J/ψ sideband regions to determine the background distribution. Due to the limited statistics and the low background, we take enlarged sidebands, defined as the ranges 2.910-3.005 GeV/c 2 and 3.176-3.271 GeV/c 2 , respectively. Also in this case we fit these sidebands using non-interfering amplitudes described by relativistic Breit-Wigner functions using the method of the channel likelihood [24] . The K * K contributions are symmetrized with respect to the kaon charge. Sideband regions are dominated by the presence of K * (892)K and K * 2 (1430)K amplitudes. We fit the J/ψ → K + K − π 0 Dalitz plot using the isobar model. Also in this case amplitudes are added one at time to ascertain the associated increase of the likelihood value and decrease of the 2-D χ 2 computed on the (m(K + K − ), cos θ h ) plane. The results from the best fit are summarized in Table VI . We observe the following features:
• The decay is dominated by the K * (892) ± K ∓ and ρ(1450) 0 π 0 amplitudes with smaller contributions from the K *
• We fix the ρ(1450) and ρ(1700) mass and width parameters to the values obtained from the J/ψ → π + π − π 0 Dalitz plot analysis. This improves the description of the data, in comparison with a fit where the masses and widths are fixed to the PDG values [13] .
• K * (1680)K, ρ(1700), ρ(2100), and NR have been tried but do not give significant contributions.
We therefore assign the broad enhancement in the K + K − mass spectrum to the presence of the ρ(1450) resonance: the present data do not require the presence of an exotic contribution. In evaluating the fractions we compute systematic uncertainties in a similar way as for the analysis of the J/ψ → π + π − π 0 final state. We also compute the expected Legendre polynomial moments from the weighted MC events and compare these with the experimental distributions. We observe good agreement for all the distributions, which indicates that the fit is able to reproduce the local structures apparent in the Dalitz plot. We perform a Dalitz plot analysis of J/ψ → K
in the J/ψ signal region defined in Table I . This region contains 3907 events with (93.1 ± 0.4)% purity, as determined from the fit shown in Fig. 3(c) . Figure 14 shows the Dalitz plot for the J/ψ signal region and Fig. 15 shows the Dalitz plot projections. As in the previous sections, we fit the J/ψ sideband regions to determine the background distribution using the channel likelihood [24] method.
We fit the J/ψ → K 
The results from the best fit are summarized in Table VII . We observe the following features:
• The decay is dominated by the K * (892)K, K * 2 (1430)K and ρ(1450) ± π ∓ amplitudes with a smaller contribution from the K * 1 (1410)K amplitude.
• We obtain a significant improvement of the description of the data by leaving free the K * (892) mass and width parameters and obtain m(K * (892) + ) = 895.6 ± 0.8 MeV/c 2 ,
The measured parameters for the charged K * (892) + are in good agreement with those measured in τ lepton decays [13] .
• We fix the ρ(1450) and ρ(1700) parameters to the values obtained from the J/ψ → π + π − π 0 Dalitz plot analysis. This improves the description of the data in comparison with a fit where the masses and widths are fixed to the PDG values [13] .
• K * (1680)K, ρ(1700)π, ρ(2100)π, and NR amplitudes have been tried but do not give significant contributions.
We therefore assign the broad enhancement in the K 0 S K ± mass spectrum to the presence of the ρ(1450) ± resonance. In evaluating the fractions we compute systematic uncertainties in a similar way as for the analysis of the J/ψ → π + π − π 0 and J/ψ → K + K − π 0 final states. We compute the uncorrected Legendre polynomial mo- 
When two uncertainties are given, the first is statistical and the second systematic.
Final state fraction (%) phase (radians) In the Dalitz-plot analysis of J/ψ → K + K − π 0 , the data are consistent with the observation of the decay ρ(1450)
This allows a measurement of its relative branching fraction to ρ(1450) 0 → π + π − . We notice that the Veneziano model gives a ρ(1450) contribution which is ten times smaller than the isobar model. No equivalent Veneziano analysis of the J/ψ → K + K − π 0 decay has been performed, therefore we perform a measurement of the ρ(1450) relative branching fraction using the isobar model only.
We have measured in Sec. V (Eq. (11)) the ratio
0 fractions whose systematic uncertainties are found to be independent. From the Dalitz-plot analysis of J/ψ → π + π − π 0 we obtain: 
We therefore obtain:
=0.307 ± 0.084(stat) ± 0.082(sys).
VIII. SUMMARY
We study the processes e + e − → γ ISR J/ψ where J/ψ → π + π − π 0 , J/ψ → K + K − π 0 , and J/ψ → K 
X. APPENDIX
The central values and statistical errors for the interference fit fractions are shown in Table VIII, Table IX,  and Table X, 
